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DUALITY OF PROJECTIVE LIMIT SPACES AND INDUCTIVE LIMIT SPACES OVER A NONSPHERICALLY COMPLETE NONARCHIMEDEAN FIELD
WlM H. SCHIKHOP AND YASUO MORITA (Received October 14, 1985) Abstract, A duality theorem of projective and inductive limit spaces over a nonspherically complete valued field is obtained under a certain condition, and topologies of spaces of locally analytic functions are ¿studied.
Introduction. Morita obtained in |5| a duality theorem of projec tive limit spaces and inductive limit spaces over a spherically complete nonarchimedean valued field, and Schikhof studied in [8J locally convex spaces over a nonsphorically complete nonarchimedean valued field. In this paper, we use the results of [8j and study the duality of such spaces over a nonspherically complete nonarchimedean valued field.
The duality theorem of |5| was obtained as a generalization of the results of Komatsu |8| by Morita using: the theory of van Tiel [10] about locally convex spaces over a spherically complete nonarchimedean valued field. There the following two facts are used essentially: (i) The Mackey topology is the topology of uniform convergence on weakly e-compact sets; (ii) Any absolutely convex weakly c-compact set is strongly closed. Though we can generalize the notion of e-compactness to our ease, it is difficult to obtain good analogues of these two facts over a nonspherically complete valued field. Hence we restrict our attention to a more restricted class than in |5], and prove a duality theorem by making use of van dor Put's duality theorem of sequence spaces c0 = {(au cl, aa, • • <) e KN \ jaj * 0 (to » >•')} and V " {(&" L, b" ■••)<= KN ; sup |bj < <«} over a nonspherically complete valued field K.
We prove a general duality theorem over such a field in Section 1, and apply the theorem to some examples in Section 2. In par ticular, we generalize the results of Morita [6] to any complete non archimedean valued field, and give a positive answer to a question of P. Robba.
We use the notation and terminology of Schikhof [8] throughout this paper.
Duality theorem.

1.1.
Let K be a complete field with a nontrivial nonarchimedean valuation | |. We assume in Section 1 that K is not spherically complete. For each positive integer m, let (Xm , | |,n) and (Ym , | |m ) be Banach spaces over K. We assume that Xm is of countable type. Hence Xm is reflexive (cf. e.g. van Rooij [7, Corollary 4.18]). Let be a nondegenerate bicontinuous iT-bilinear form such that Xm and Ym become mutually dual locally convex spaces with respect to ( , )m . Let Xn -> Xm (m < n)} be a projective system, and {vn,m: Ym -> Yn (m < n)} be an inductive system such that (i) the wm,n's are JST-linear continuous maps, (ii) the vK ,m 's are Z-linear continuous injective maps, and (iii) the equality (um >n(xn), y j m = (xn, vn_ m{ym ))n holds for any xn e Xa and ym e Ym. Let (X, um) be the locally convex projective limit of {Xm, and let (Y, vm ) be the locally convex inductive limit of [Ym , vnim }. We assume further that (iv) the projection map uw: X -> Xm has a dense image for each m.
By definition, any element x of the projective limit X can be written as x -(xm ) with xm e Xm satisfying um i"(x") -xm for any m and n with m < n, and any element y of the inductive limit space Y can be written as y = vm (ym) with some ym e Y,n. By our assumption (iii), the equality vJm = (*». vn,m (ym))n holds for any m < n. Hence L e t E -X and F = F . T hen i our bilinear form ( , ) satisfies the condition of the lemma. Let a(X, Y) (resp. a( Y, X)) be the weakest locally convex topology on X (resp. on Y) such that X 9 x h* (as, y) e K is continuous for each y e Y (resp. Y s y i-» (x, y )e K is continuous for each x e X). Then it follows from Lemma 1 that (X, a(X, F))' = Y and ( Y, a( Y, X))' = X. Let t(X) be the projective limit topology on X, and let r(F ) be the inductive limit topology of Y. = \(x, y)\ is a continuous seminorm for a(Y, X) , it follows that ( Y, a( Y, X) ) is HausdorfE. Since r( Y) is stronger than a( Y, X), ( Y, z(Y)) is also Hausdorff. Hence we have proved the following: 
Lemma 1. Let E and F be locally convex K-vector spaces, and let ( ,):ExF->K be a nondegenerate bicontinuous K-bilinear jfcrm-Let o(E, F) be the weakest locally convex topology on E such that E s e n (e, ƒ) e K is continuous for each f e F. Then for an y continuous K-linear form L: E -> K with respect to a(E, F), there exists an element f e F such that He) -(e, ƒ )
holds for any eeE-In particular, (E, a(E, F))r = F.
PROOF. L et L: E
Since our pairing is bicontinuous, a(X, Y) ^ t(X) and o(Y, X) g z(Y). Hence we have
Since the subsets of Y of this form make a fundamental system of neighbourhoods of 0 e Y with respect to r(Y), we have b(Y, X) ¿S t(,Y).
Since we can prove the opposite inequality r( Y) <L b( Y, X) in the same way, the strong topology 6( Y, X) and the inductive limit topology r( Y) of Y coincide.
Since (X t(X)) is reflexive, the following corollary follows from Proposition 5.
C o r o l l a r y .
( Y, r( Y)) is reflexive, and the strong dual space of (Y, z(Y)) is isomorphic to (X r(X)). (<?",, e C) .
Since X is a Fréchet space, X is bornologic (cf. proofs of van Tiel [10, Théorèmes 3.17 and 4.30]). It follows from Schikhof [8, Proposition 6.8] that ( Y, r(Y)) a ((X, t(X))', b(Y, X)) is complete. Therefore we have proved the following theorem: T h e o r e m 1. Let X = proj lim Xm , Y = ind lim Ym and ( , ): X x Y -> K be as in 1.1. Then X is a Fréchet space of countable type, Y is Hausdorff and complete and the pairing ( , ) makes X and Y into mutually dual locally convex spaces over K.
Examples.
Let k be an algebraically closed field with a nontrivial nonarchimedean complete valuation | |. Let
We assume that (i) C is covered by Cnii (i = 1, • ••, ln) d?K( V -Cn)jK and f(z)g(z) is a IT-analytic function on Cn -Ct. Since (u"tif(z), g(z) )n can be regarded as the sum of residues of f(z)g(z) in Ct, it is equal to (f(z), vltng{z) )l. For any f(z) e ¿%(C) and g(z) e J^K(C), we choose a positive integer n and a unique element gn(z) of such that g(z) = vn{gn(z)), and we define (ƒ(»). 9(z)) = (uJJ(z)), gn(z))n.
Since the set of all finite sums of this form is dense in ¿?K(V -Cn)/K, ¿?K(V -G")/K is a Banach space of countable type. Let V -C) be the set of all ii-analytic functions on V -C, and put ¿&K(C) = ¿?K( V -C)/K. Then & K{C) can be identified with the locally convex projective limit of the ¿?K(V -Cn)/K with respect to the restriction maps. Obviously the restriction maps u",t: d?K(V -Gt)/K V -Gn)JK (n < I) are JT-linear and continuous. Since any finite sum of the form L S . «» (2 -«"()* (ag'eK) is in ¿?K( V -C)/K = & K{C), the image of the projection map & K{C) -» V -
Then it follows from the arguments in 1.1 that this pairing ( , ) is well defined, bicontinuous, if-bilinear and nondegenerate. Now we have the following theorem; T h eo rem 2. Let C, & K(C), s-fK(C) and
( 1 induce isometries Whn -> c" and T72 ,n-preserving the pairings up to a constant factor. Hence W1 < n is of countable type, and W1> n and W2in become mutually dual Banach spaces with respect to ( , )n. Further WL and W2 can be identified with proj lim W1 > n and ind lim W2 < n with respect to the natural maps u~A: ^¡anzm i-» £ am zm (n < I) and vl)T l: E bm zm t-* E bm z (n < I). Let z-j and r2 be the projective limit topology of Wt and th 
)• ¿&k{P) x j>rK(C) > k be as before. Then is a Frechet space of countable type, J^K(C) is a complete Hausdorff space, ( , ) is a bicontinuous K-bilinear non degenerate pairing, and ¿% ?K(C) and ,s-fK{C) become mutually dual locally convex spaces with respect to ( , ).
